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ABSTRACT

The following is a summary of research activities for the

period October 1, 1975 to September 30, 1980, related to grant

AF-AFOSR-76-2943. The primary purpose of the research was the study

of forced, thermoelastic motion of plates due to Laser irradiation.

This summary describes the theoretical and experimental phases of the

research project.
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1.0 Introduction

One of the primary missions of the U.S. Air Force is to provide

leadership in weapon system development, and to be cognizant of any and

all advances in pure and applied scientific knowledge which has a bearing

on changes in the state of the art. Current developments centering on

Laser technology have advanced to a stage where Lasers must be considered

as potential weapons. A high power Laser has the ability to concentrate

a short duration, high energy flux in a very narrow beam. Thus it has the

ability to deposit focused radiant energy upon opaque solids or struc-

tural components. Unlike other, conventional weapons, it is not dependent

upon a ballistic path, but it is inherently a line of sight weapon. Because

radiation travels with the speed of light (approximately 3x101 0 cm/sec) such

a weapon can inflict almost instantaneous damage to any target upon which

it is trained. These characteristics obviate the need for a ballistic

computer as well as complex lead aiming devices, and the time between

target acquisition and radiation impact is negligible.

The present study was concerned with the interaction of a laser beam

with the skin of an aircraft, a re-entry vehicle, or a satellite, i.e.,

a thin plate or shell. Laser interaction with plates or shells, in general

is a complex phenomenon. For purposes of experimentation and associated

analysis, it is possible to define three types of interaction resulting

in (more or less) separated effects:

(a) Sudden deposition of thermal energy, without a change in phase.

This causes sudden thermal stresses in the irradiated plate. Because of the

rapidity of the energy deposition process, there will be thermally generated

stress waves.
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(b) Surface vaporization of a very thin layer of material, plasma

production, plasma heating, shockwave formation in plasmas, etc. This

mode of interaction results in suddenly applied surface pressures of con-

siderable magnitude to the solid plate, inducing time-dependent stress waves

and deformations.

(c) Complete local vaporization of the material, and the resulting

creation of openings (holes or large surface cavities).

It is to be noted that conditions (a), (b), and (c) usually coexist,

but they can be (nearly) separated by proper choice of laser and target

parameters.

Laser technology and laser weapons development is an on-going activity

in the U.S.A. and in other countries. By virtue of its mission, the U.S.

Air Force must keep abreast of such developments, and must be prepared to

evaluate accurately the potential and destructive capabilities of such

weapons when and if they become operational. In addition, detailed know-

ledge of the capabilities of such a weapon system will undoubtedly suggest

ways and means to either avoid, circumvent, or reduce its destructive

effects upon potential targets.
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2.0 Summary of Research Accomplishments

2.1 Theoretical

Detailed and comprehensive theoretical studies were performed to

model the motion of a rectangular plate when subjected to laser irradiation

(see references 2 and 4). In these studies, we utilized the Bechtel model

for Laser heating.

The first part of our study deals with the thickness-stretch motion

of a transversely constrained, irradiated slab. This part of the study

models the initial response of the plate. The initial motion of the plate

is predominantly thickness-stretch in the vicinity of the irradiated area.

In this area, stresses and displacements are primarily in the direction of

plate thickness. However, these stresses and displacements are relatively

small compared to the stresses and displacements resulting from the

gross (predominantly flexural) motion of the plate. It is shown that in

the vicinity of the Laser beam, a dilatational wave is set up which moves

in the direction of the plate thickness. This wave causes periodic tension

and compression stresses on the median surface of the plate (see Fig. 1).

The second part of this study is concerned with the gross-motion of

the rectangular plate which is assumed to be simply supported along its

boundaries. The plate surface is irradiated by a Laser beam at an arbi-

trary point. Three different theories are used to model the time-

dependent, thermoelastic motion of the plate:

(a) Three-dimensional elasticity theory (Ref. 2)

(b) Classical Plate Theory (Ref. 4)

(c) Improved Plate Theory (including the effects of shear deformation and

rotatory inertia). (Ref. 4)
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In each case, an exact solution (in series form) was found for the

boundary value problem. A comparison of the three solutions reveals

essentially equivalent results for the gross motion (deflection, bending

moment, etc.). In this connection, see Fig. 2. This implies that future

calculations for practical plate (or shell) structures subject to Laser

irradiation can be carried out within the framework of relatively simple

mathematical models, resulting in a considerable reduction of the computa-

tional effort. Fig. 2 shows the time history of the center deflection of

an irradiated plate. The three curves correspond to the three different

theories employed for the computation.

In references 1 and 3 we consider the boundary value problem of the

clamped circular plate subject to normal Laser irradiation at the center of

the plate. An exact solution for the dynamic response of the plate was

found in series form. This model includes the effects of flexure, shear,

transverse, rotatory and radial inertia forces, etc. The results of this

study served as the theoretical base for experiments described below.

2.2 Experimental

Thin aluminum and steel plates in the shape of a circle (radius

d 11.5 cm) were subjected to laser irradiation in the laboratory. The

plate was clamped at the boundary with the aid of a heavy, machined ring

fixture. The laser beam was directed to intercept the plate at the center,

normal to the plate surface. The Laser used was a Holobeam model 630-QNd

glass system. This Laser produces an output power (in the Q switched mode)

of approximately 3 joules, with a pulse width of approximately 40x10- 9 sec.
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The output beam is about 1 cm in diameter with a beam divergence of 2 m

radians, at an output wave length of 1.06 V. The beam deposits radiant

energy onto the metal plate, resulting in heating. Time dependent thermo-

elastic stresses are relieved by the motion of the plate.

The motion of the plate is sensed by a Bruel and Kjaer model MM004

capacitive transducer and associated circuitry. The amplified signal

is displayed on a Tektronix 545B oscilloscope and photographed. The

detector was mounted at a separation of 1 mm from the rear surface (away

from the laser), at the center of the plate.

The results of experiments (plate center displacement vs. time) are

shown in Fig. 3. The theoretical curve is also shown in Fig. 3, and it

can be concluded that the mathematical model predicts the motion with

reasonable accuracy.

In addition to the above experimental work, exploratory work was

performed to move the plate by impulsive means. Lasers were used to

vaporize a very thin layer of the plate metal surface material. This

produces a plasma which is heated (by the Laser), and subsequently pro-

duces a shock wave. The shock wave impinges upon the plate surface and

causes the plate to move impulsively. A mathematical model for this

type of pressure loading has been considered (see reference 7).
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2. BAS It: EQUIATION 01: BEAMIS

2. 1 D .... zipt (on of t;i, Aoti,'n

We shall assume tho folIlowing di sp lacement components for a iteam:

11 0 (1.1)

U, W(X,t)

Th'le St rai ii-di SplaCCmIICt relationship Canl be0 wri tten

as fol lIows:
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e = po
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In the theory of small motions of an elastic isotropic cont inuum,

the kinetic and potential energies of deformation are

1- ( + Ce + C '2

+ 2f f L + 2 1 xv + 11 C )dx dA ( 1 4 )
x z xy

f i z f, + T2 d . x (1.3

= A Ixx- ax X + )dx dA

where a dot indicates partial differentiation with respect to

time. Define the moment of inertia, the area of the section, the

bending moment and shearing force as

I =f : dA

(1.5)
A =fA dA

. A



A xx dA6)

Q = fA Txz dA.

Then equations (1.3) and (1.4) reduce to

1 2. 2 *2.

T p(I + A w ).x (1.7)

V = M +Q d(1.8)

The variation of T and v are

6' = fo l <( 6 + A w 6 wl dx (1.9)

6V =f9M - (6 + a{ O-(w)] dx . (.O

Denote the work done by surface tractions when the displacements arc

varied by 6W. Then

6W = f (m&6 + q6wdx + [M*16 + Q*6w] 1.11)

0 X=u

where V h

m = .[TXz] dy

-V

= [Tz]' dy
2 -5

M.= A Txx z dA at x=0 or Q

Q.= fA xz dA at x=O or 9

lHamilton's principle in an interval of tim, t' to t 2 is



ti
f (6T - 6V + 6w)dt = 0 (1.12)
t 2

After substitution of equations (1.9), (1.10) and (1.11) into (1.121

and upon application of integration by parts, we are led to the

following equation

xfA* + + q)6W + + t-Qm)6 dx dt

ti 0 x5. 131

+ I[*-NI)4 + (Q-Q)6 = dt = 0

2.3 Equations of the M!otion

From equation (1. 13) , the equations of mot ion can be written as

follows:

-pAi + 3 + q = 0
aw (1.14)

P +-311..Q+m = (1

The appropriate boundary conditions are:

1) At each end of the beam, x=0 and x= , one member

of each of the pairs, (M, ) and (Q,w) must be

specified.
h

2) At the surface of the beam, z = hm, one member

of each of the pairs (m,C) and (q,w) must be

specified.

To insure a unique solution the following initial

conditions are required:

w(x,i)), ( x,O) , lx,O) and (x,O) are specified.

The general [look's law reduces for the present isotropic

case to
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11pon s tb)st itut ion of' eqilat ions (1. 2) i nto (1. 15), We 0 ht aill

G I Io-'( I

Further subhst itut ion of equations 116l) into (1 .6)l, and using

Fliosheniko s Correct ion factor ~.thle beam stress displacement

relat ions become

MI E I

Q) K 
2 

A~ G + 1w 1.171

Where

V A (z + i -d

is ignored.

The disp lacement equations of motion are now ol'ta ined hY

suibst itut ion of (1. 17) into (.),with the result

K
2 

A G 3w + (I lA

[1 - K 
2 AC G . (.8

FIquat ions I(. 18) are thle well known ri moshienko Beam equa t ions.
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With reference to equations (1.17), the sum of kinetic and poten-

tial energies for a beam of length xl - X2 is

2 2
= 12+ A, + ( + :2 dx.

( 1(1. 19)

After differentiationA of (1 . 19) witb respect to time and upon appli-

cation of integration by parts, we obtain

'A (T+V) = w YAw' IQ + (0 - Q+ Q dx
tx (1.21)

+ [M + Qw]X

When there are no applied loads, q = m =l, and the integrand of the

right hand side is identically zero. Thus the equation reduces to

(T'V) = [N' + Qwx (1.21)

We identify the energy flux as

.J(x't) =- [m + O~] . (1.22)

Upon substitution of equations (1.17) into (1.22) we obtain

.J(X,t) =- [F, I- ' + K 2 AG w . (1.23)

2.5 HeJuwtion from T-imoshcnko Bear Thcr!' to f or-Clcnn "
Becm Thcor:i

If we let q = - in the equation (1.13), we are led to the

ax
following equation
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S2 S2 +y q - ;,,A' + pl + x }w ds dt

+tf -(l-M +(Q*Q ,] dt (1.24)10-

tt

- $ [(+I -- + - - Q +W ) w dtx 3xt 2 X=

ti xX=o.

Thus the equation of mot ion can be written as follows

2I +oI32( 3m +D

If we delete the rotatorv inertia I- and also we obtain

32NI +

T-+ I = pAi

Since the third term of the equation (1.24) vanishes because of the

second equation of (1.14), the appropriate boundary conditions are

as fol lows.

At each end of the beam x=O and x=q, one of each of the

products (I, T) and (Q,w) must be specified.

And also from the second equation of (1.14), we obtain

3M 3I
3 x + 3x +

am a

If we delete 0I 1x and m, we obtain

Mx
Q= 3M

The energy flux equation in this case reduces to

tw
,J(x~t) =-[-M Tx~ + Qwj .(.5



[he displacement equations of motion and moment and shear force are

obtained as follows:

-NI 1 q .0

3 2W
M ! -x- z 1 2~

Q = - 5-- I l T

3. WAVE PROPAGATION IN P1ECEWISE NON-I IONIOGENFOUS BE.NS

3.1 J "wra7 Sontion

Equations (1.18) with q m = 0 reduce to

K
2
A

(1.27)

El ~- AG; T

Assume

w(x,t) = A il(t - c

(x,t) =D eip (  -c)1.8

where 2 is wave frequency and C is phase velocity. Upon substitutiol

of equations (1.28) into (1.27) we obtain a pair of homogeneous.

linear algebraic equations in A and I) whose determinant, set equal

to zero, yields the velocity equation

(I-a) C4- (Ce
2  

+ -2) (2 + C s 2 . 2 0 (1.29)

where
w 2 e E K2G AK 1 A 2
e p, =s-0 ' 5 "
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+ C 

z  
it'"- Il - -i 1/2

1 I I - a
1,0 0 8 C

The most genc'l o l 1ilt ion i o I 1 is t1 , t'O'.

_ ) i. t

t t

-
2  

iL t -t

k=1

WIII'C it is understood that the frequencies must he the Cne for

all eavcs and thit C: will become imaginary as a ' I. A plo t Of

phasC velocity vs. frequency is 5io2,w1 in I igurc 1. I. \C/tV thit oC

the S coefficients appearing in equation . 1), on I irc in-

dependent . After sibst itut iol of equations ( 1. ,I) i Tnto (1. . ,

fi nd that

B1 - P'Rki k = 1,2

where C '

P(2 -2~* ~ ,

Ill 'llICr-l er ll Ii Be 1 111 r CO /i/, u1 tio3 (11 ' W , t 11

= reduces to

l -I si = - ,/As, I -
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TWOon ei - in ii 11i tec beams o f d i fferent m'Ateria;ls are bonded at xf

:is Shown in I i guoe 1 .2. For a di sttrbance comi ii x m thle jiigali y

x di rect ion,* let w. and b e the i liCOlI I g WilVes, W1  and h~ e
the reflected waves, arnd let w 2*and 4 Z he the t-axnsm itt ed wavxes.

We have

+ 2 is t-
(xt A ki id

k=I k

4~1(~t) 2 i ,(t-
I~~t I) e k

k=1 ki

2 i x}
Wi(x,t) E B kie Uk

k-i

2 iI2(t + C. -
411 (x,t) = F R kie ki

+ 2 iQ2(t - c-- )

kil

0< x <

+ 2 ism(t - x
4 2 (Xlt) T [ ) k2c U

where

A kj = O'kj'ki B Bk1  - kj R kj i

1 1
I t  

f 2  k 1 , 2
( ) Ij 1.2



where the suIsc ri pt J = 1,2 refers to the respective domain

of the heam (see Figure 1.2), and the subscri pt k 1 ,2 refers to the

mode of mot ion.

E1 P I, A 2 1 I, A

X-O

Si .T :: 7

At the junction x=O, the following four boundarY con-

ditions must be satisfied

wp (O,t) = 2(O,t)

QI(O,t) = Q2(o,t)

NI1 (0,t) M2 (0,t) (1.

where

Q 2 KA. G + , j 1,2

M. = I. I.
J ax J = 1,2

and where
I -

+ -

W2  W2

+
,2 =  ¢2

Upon substitution of the equations (1 .3 1 into (1. 371 we obtain

a set of simultaneous, linear, algebraic equations (in matrix form):



1 1 -1 -1 F'l -1)11 -P2  1

I h 1  1-h 2 -+1 I I + I -, I +b } R I + I I I l I I .

C,1 1f}lIi (?2 1121 [
1 2 h 1 2 (922'2 l)12 C1 1 h1  i ~: €  ' I* 1* I H

C,1 1 C 1 11 .1:- :21 Cl2T C2-: C1 1 1q 1 ~

Idl " re

I.= l- - ki (k C . = k"i P i

)n1Cc 1), t)2 1 and 2: of the incoming a elws and the mat r iIro-

pertics are known, the quantities Ri, , R1, 1 and 11. ire olh-

ta ined bY the app) icat ion of Cramler's Rule. When ; • , I' I) st

he eulal to zero to iI-C ll;i a hounde od slti I Oll f01 \ -- '.

The enC1y flux of tihe iIlC 01111 i 'a , rlI'Cl ICt C1 %,;l\,

and t ran smi tted wa'e is dfi ed y eli it ioin I.., C \ c elpt t hat 'I

real paI'ts of (1. 3oI are used

J1 = - I Rel II Re 
+  

IR Q I (Rt I

J = - ReM 1 1Re 
+  

ReQ I Rel I .

2 e1 R + + (RQ*1+
J2 
= 

- IIIRebl 2 ] (Re,.%-) + IReQ- I Riil' )I

The t ralnslili ss i ol and ref ct i on cot ti ci e lt s ire t ht l oret i01t a i lied

in the fol lowing manner:

J- (0. t)
T

J (0, .I. .

.II o, t
4-----

I~l~t I



iheI 'C till' :131r 1IiotVS the t ilieC JVerogei OVerI it comp let c er oid
Y Ii011 th I mV0i 1)t 0 FV vie mt 0 eCmIt SeVpX* Jt Io M t eme 0 * 1 ti 11L'LIM

o f theit t ra imismi s5 sloll ii id reflect ionl :,Ctefi c i it ; must he emlo I t o

onie, i.e. T + R 1. (:i I il ated va Ilties of t rainimi smorm Iot :it

Vs. d I Cl011 ii I SS flrempI'eeQ tIC ae 1 ot t Ud ill Ii 3 lii H jomt 1I')I I ..

[I1 thle Ii UI e-1lteriioii II Be;am1 I llIor\ tilie d pIieme

equilt ion huRlecOmICi

I e t

W, til I +C

C> II t

where

- - - -) x - 1,1 12

M. 0 1>1 t --- jl (0 1,

m2W.

Yield thme fol lowing set of s imiultarieoiis, linear. a igeh-iic

equiations (ill matrix foriil
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1l 1 - 1 -1 1 [ B1 [-.'\i

1 -i d -id B211 Al1

I -Y'd2  
"d

2  A, -Al 1

S i vd 
3  

i )'d 3 A2 A 1 1.43)

where 1A. 2 C

d n
(Y) I

Solving the equations (1.43),

B11 2yd ( - d )_- i (l_-d
2

)

All (1J- d4) 2+ydl+d -2 )

A1 2  ( +yd
2 ) (+d) (1.44)

A11  d{(1+ytd 2 V)2+ 2yd ( 14d)}

Upon substitution of equations (1.44) into (1.41) and application

of equation (1.25), we obtain

2 Q4

J 2 (O,t) = IA 2 1 r21? -

C 1 2

The transmission and reflection coefficients are calculated to he

J 2(0,t) 4{1+Yd2)2(1+d)2Yd

.11 (0,t) {(1+Yd2
)

2
+2yd(1+d2 fl 2

__________1 .16)
.J(o,t) 4y 2 d 2 (1-d 2 

)
2

+( 1-yd 2
)4

R= - -

11 l,t) {(+Yd
2 
)
2+2yd(l1+d 

2
).

2

The conservation of energy check is satisfied:



T+R ' 1l'yd') 2 
1(j ) 2 yd + 4Y 2 d 2 (ld) I (l-Yd2)L

(l+yd2 2 
+ 2-yd(1+d 

2 )1}2l.f

Numerical values of the transmission coefficient :0or the Fuler-

Bernoulli Beam Theory are shown in Figures 1.3 through 1.0 for

comparison purposes.
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3.3 ;u:'" .7!'t ,,: :';. B,''.: ' u ':t. L'.z:tl Boded, ,it B',': jo

A beam of infinite length is bonded at each end to two semi-infinitk

hea|Tu s co mp o .ed of a di fferenit mater i a I as shown in 1:i gre I

The di sp Iacelient equat ions in this Case are:

x

+ =(xt) A kl c
k=I

+ - kl
.MIX)t) = t " \ l1

k=1

Si: t + KI
, tx tl I Rkl e

+ i t )

K=
+*2 ~) e e

KI 2 c

+ 2 i
' xt) I ttk2 e

+ (t
2 3(xt) = I Ak2 eHx

k=l

k(l 
.k1S

+ 21 . . .t . . . . . I l II l l l l l . . . . -
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* , 2PI.. Y iF 1,l"

F,. -zr Of -i-t !j't ,!Ci L)...7:t"? c k~i-
Beams CorToscd of a D, 'rent MateriaZ

The relations among the 20 coefficients in equations (1.18) are

defined in a manner similar to that Of equations (1.30). Note

that C1 3 = Cii, C2 3 =C2 1, 1i13 =)1, 1 .2 3 = 1p21, aridhi 3 h il

b3= h21 for this specific case.

At the junct ion points, x =0 and x =-.the fol 1oiing

boundary condition, must be satisfied:

Wl (0,t) W2 (0,t)

Qi1 (0, t) = 2 (0 , t)

Ql (0,t) Q 2 (0, t)

W2 (Z,t) =W 3 (Q ,t)

2(t)= t3 (Z,t)

Q(t)=Q 3(Z,t)

M2 (9- t) =M 3 (Z,t) (.9

where

Q K 2 Al;. -W t. j =1,2,3

MI. = [.1

and where

W; =W+ + 'KO-

l = +l + -l 3 W3

W2 =W2+w 2 3 -t



Upon S St i tilt ion of CquIat ions (1. 18) into (1.49) Wc o;tI in S ct

of simul tancous, I inear, algebraic equat ions as follows:

~I I ] 1 ] 1 : I ' t t 1

' I~ bk I ,q .I I ' l k2 I 1 , l l ' i
I .

I ,' I I t, k I . I

I Ii,2 ' " i k L'.: LI "

I I •

2' I I i' , I I II'.|

1.51)

where, for example

, k 1 k I -( 1)k1, 1

and
1:2 12 ( 1

bk i 
= 
-- k) = .1 - I.

kJ C k J .(., -tk c i

The (uarit itics R K, 1 1,2 1)12, 1)1 3, ;11)(l id ;rk2. 1

obtained by the apli i cat i on of Cramer's ile.

The t r nI i s sioil and reflct i coil ce i oilt s ill t hi caSe

rllC detined ;Is:



13 ( ,t
T

.J1 o, t

,'h1 'e .J x t 5 defined in a mar", 1sii to qutit ins I .39

IWO num{erical results a .e shm, n in 1:igures 1. . rd 1.9.

In lii uer-Bernoul I i Beam Theory, the disp lacemejnt e{qua-

tions art, in this Case

i. ct - X.)
1 = Al - X<

i:,t + .C - (t +1 ~ ~ I ie tl + C ,1 " {:

w Alte iit 2 712 + 0

= 1 2 + 1.2 c-+"1 ; 3C + A,

tIh cre \i/ 1 .

The correspond i rig hOn BId Ceod it i ol S are

" -9, t -3 x - i t -

o1' ((, t Nf 3 o {, t }



t t

lb t 1

x I x

and %,e obtain t'.c foI I ow~ j n s i mu I t mivoi~Is i Ilea 1, 3 QIcrnl i c

eu ti ons un 11 iat r i x o rill

I~~1 1 1l - I -1( b -A I

I i d -id Bi 0 3 I A I

1 - d I d ~ A I LI -AI=.\

i -i d 3~ id 0, I A. 2  A\ I

E I c ~ C - -I fit.,

() ) di id, -hI id -I i l:2

0d " )N dd -) 13 1 A A1 3

-y 'E i,3C id 3 C 1~ d lc t~d 3 1l ij A\2 3

1(.1

0) 2

I11wL t r;InISflli SS i Ollu 11 - fui Ie lCkt in ()t OC ffi C i L'Ilt S 11 t 11i s~ C.:lSL

are def i tied i r 13a 333er s j33i I~m (i33 t o equt 33 on 1.52) . I3,33 nulmeri ca



zcuIt S 1c Zi ISiO S10M i 1 LC I S 1 .8 d 1 9 tur Compar)i soil 1p0irp0 CSu

zI

04

- - ULERSIMMEOULLI *#AM4

TIf0005140 *I AM

Z 2- f - 0-0 0 .

0 0 40 60 s0 0 0 1 4 0 s0o0

OtMgNSIOELES 5 FREQUINCy n~.

0 A

-
ULER-SEENOUL&I SEAM

I ___TIMOSMENKO SIAM
3t 0 2-0- a E,/,,-~./ 30. 9LP-.O1.

/ 3.0 110.3
01-

0 20 40 00 so l00 1 20 140 100o 80

oImomsomilso00 pnoOusmtv -. n

SAsEi

hi :o 'c I. - T ' 1 i/rnjL31 -i('I ~~o r''',u 8 mc~~~,T:~t'



1. ONM 1tAlION AND ()1,L lIS'-.ION I), gIsRIS ( PART II

4.1 : . . .. " ], .. . " ' ; 0 : - "

i1 t he case of I .I Cr- B iot I Ii im "horv t ho r medit(I Is d i s' rsic C

tVIo 11odk S ot prf1'O)aiait lol IrC OSS il U, th fi rst modu rit-pollc i

al% avs a travel Ini ng s i Iuso i d Miand Id I It the second I-1ode respon

is a licivs an it ortenuitcd staind i ng sact. A 'tudv of Ti mosheuko

Beam Ihcorv also indicates the existence of two modes, the charact-

erist ics of hich differ from that of foreigoing modes. In res-

ponse to harmonic excitation, the first mode response til er phase

velocity) will a li-as be a travelling sintlsoid, iwhile the second

:uIodc rLcsp'OnISC (hiIer phaISC CI ocit xl will be in tihe form of a

travelling sinusoid if a- I high freuilci es r an attenuated

st andi. i 1 'avc if: a e I (I o frequ ncc i es). It can he sho wn that the

mean cnergy" flux vall i shes in tihe case of a standing ,aie. ThC

corresponding phase veloc it ies are shomn in I igure 1. 1.

The incoming wave is assumed to he sinusoidal. With reference to

Iigures 1.3 throuh I.t,, we note that limosheuho Beam IllheorY trails-

mission coefficients T near :ero frequency approach those of LuleCr-

Bernoulli Se;,m orheor.. Iii the low frequency range cwe hate a! 1 1,

a, > 1, and therefore transmitted and reflected waves have (travelling)

sint isoidal and (standing) attenuated components. In the high fre-

quelcy range we have a < 1, ; , 1, and in this case all iave compon-

ents are sinusoidal. Large discrepancies between the tto theories

occur in two frequency bands, one of which separates the high from

the low frequency region, and the other of which is the high fro-

quency region. In the case depicted in Figures 1.3 and 1.(,, that

region is characteri:ed by a I and a2 1 1, i.e., reflected tw'aves are

sinisoidal, hut transmitted waves are sinusoidal and attenuated
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t t i me

LIx lv,tK displacement components in the direction of
Sx ,y z respectively

V potential energy

v width of the heam

Xy rectangular coordinates

V Ploisson's ratio

p density

T XX components of stress tensor

2 frequency



PART I I

5. BASIC EQUATIONS 01F PLATES

5.1 D es,.'ition of the Mot-ZfR

We shall assume the following di splI acement ccmponents for a plate:

Ux = z p x(X,y,t)

Uy = :: (X,Y,t)

U = w (x,y,t) (2.1)

T'e strain-displacement relationship can he written as

follows:

l x x
e = -exx 3 x

3U" D

ze -= 0
z az

I x . U ' 1) .

xy 2 y 3x 2 3

!( y + --1-i = I + W
Vz 2 ' 3

e : z + + ( ,
ezx =5a 2\3 - ) 2 ' )x 

+
O 22

5.2 I;ne;T onsidcration and mAnm t. ' r 7c

In the theory of small motions of an elastic isotropic continuum,

the kinetic and potential energies of deformation are



2!

J Ii J

( x" dx dv

- 0 0

I' f fh X _ x v

- k 2 dY dt]

+ v v

- )L x.x x 'tt : " \: 7 )

- ' x x v ,v xv 3.,.

+ Q \('y + + Qx + \ x dv

2. !

where a dot indicates diffcrentiat ion iith r spev't to time, ad

the stress restlultants atre defined as fo I I ows

h

M I d7
v" - Y'

'I



il.at oj o f I anXiV L

3

h~jje i l %I It tiol I)YI slrac e a tin ,e t ed'p t o

kJ'WICII IIY

j ~ I (I x '

zx=0



'-14 .....h, ,!
S =i 

]  t I - -.v I

2T l at x =0 or x a

NI Jh- 2 x\. dz :t x 0 oS=z 7z at y= 0 or x =a

h

N:
=

I | [X' Zd it x = 0 or x =]

Q 2 at v=( or x=a

Ii

Q= 2xv d: at x (o or x a

.I

• fhh
Qy j'y dz ait v=0 or x= a

Ilami Iton's principle in an interval of time t to t2 Is

f t2

(,ST - SV - ftW) dt = 0 (2.

After substitution of equations (2.(1, (2. and (2.8)

into (2.9) and upon appI icat ion of integration hw parts, WO Are

led to the following equation

I I , , -- mn t -' ,- , , I |I



11ph .. 3x  XV

t, Jo -~- yZ + -j + X Y- + Q)6

+ - ph + 3 + 3, + )6W dx dy dt (2.101

+ [(M -, x6W +(Ni -NI ) +(Qx -Q)X) 6w dv dt

ti o x X xy xy y "
X=O

r t 2 (Q . . .*"=

+ lJo -N )w +(M - Ni 16 \+ (Q-Q 1w] dx dt = (I
t 0..... y=0

5.3 Ea'qati "§ of the ,t!otlon

From equation (2.10), the equations of motion can he written as

fol lows:

p h + * 3 + 7il x Qx vS = ( 0

3NI 3N

12 + +- = v 0

-Phw + +-, + P 0 f 2. 11
Dx y

The appropriate hounda ry conditions are

1) At x=O, x=9, one member of each of the pairs IMx,, X,

(M xy,@y and (Q ,w) must he specified.

2) At )=, y=a, one member of each of thc pair, M ,

Mx., x, and (Q,W) must he spIecified.
VV



F0 iIsIiC a IIniqC solution, the tol l owing initial con-

ditions are required:

, x(X,y,O], , (x,y,O), , (x yx ), W x v, 0X y ()

and ,(x,v,O) are specified.

The general looke's law reduces for the present isotropic

three dimensional case to

rxx 1'exx + .T,, + :

Zv = ie\, + V+ (r_ + Txx

r Fe + v I Xx + T\,\) t2.12)

I = 2(;exy .I v 
=  

2(ey , = 2'e x {2 13)

From the equations (2. 12) we obtain

TXX = I- :- (exx +V\ey ) + T--

y _ (e\ + v C (-- 2.12')

Upon substitution of equations 2.12') into (2.5) we obtain

hh

NX 1-TJ h- (.+TI')dL 
+ 

1 11 2 t 2

f h h
M l-J "[  h" (2ey+Tie Id2 - I •

V Il-" + V 2 2

Since teie second term1,ls of equat ions (2. I) Ire tIegl igMile in

compari son with the first terms, we obta in



and lapon sulbs r it Lit on ot of qanat iola of (2. 13) nto (o 2.) wt, obta i

f 11

Q a I 2. 1 h)

Further saah';t itutt i on of equaat ioaas (22 into 2. 1 Sa) and (.151,

anld us i aag Ma nQL I an 11 , corrcct aoaa tfac t or t Ileh~ st ross rc.su I t ant s

and di splacemnait rolat ions becomea

Ny x

- i ( ;I

GhL

wI Ia(\ 1,

[I:I(,,

A,7)



•/44

The d is p lacement equnat i Ons of 1110t ion iAre now oh t a i ned

by subst itit ion of (2. 1) into (2.11), j th the result

()(Xi2  ) ) ' 3 "

- K:th( :3 * x*S i-

- Ki'h ; + S

6 h . i) + (2;I , ,.. + . hi*

EquiatiOlns (2. -) uere obtained MY Miydli illll reference 1-1

The SUM of kinetic and potential energies for a plate of Iength

- x 1 and idth Y2 - i 'th reference to equations (2.3) Old

12.41, is

I {h % + 1112

j I X I [Il I -, x ) .
+ x XV Hv i," x v X .

+ Qx( + . Q y d\xd
+ 

1x

After di tferent Iat ion of [ . I. 1 ,it I resp'ct to t n ilt ('On

I Il i t i I i lit ionlt tOyl i part. , I C obta ill



F-~~~ r-J dv ~ x

NI + -x I I

+ I + NIX + Q) i dx

t\henl thlere ire not 31pp I i eC I t'ads he f1'-t~ I-st i lit CtniiiQ

of the right handL si dI. is Identical Iv\ zero. ICtTI ticlligt \

and v = v-, of the p late are simply soppoj)rtC ed the thIird jlit egrajjjIn

is ident ically.\ zero. Phoits the equat ion iediiees to

X2

t - +> NII X V , VV + wf(.

and we ident I f> thle eliergy flux as

.Ix,t) = J [Nix '4 + N'\Y: Y + Q fq ___ dI .v21

It we let

in1 t'qiat i onl 2. o) ii I, ar 'ld t o t lit' foII o%, in eIlilAt in



.. . . . .. . .a X. x"

(tU '1 a o J:M ; , '2 V

7 - -- l' --- , -
jt ' ' 'xjy ' ,,y%f- + l3i I , dx dv dt

+ (M - 'I + M. -I - *.i + (2 d- dtJ t I Jo A. ." .j y N . x X , I

+ N I lm + .. . d

it, jo x '

-:t2[Qr/p 3,. ", Sx ) ,] Jy J

[t + t x - 'I ) j 'Ix

+ 'I\v dt

)t , J Lx . .... . ...

I we dee dt 0 2
SX=O )-O

T[huls, the equation of mlotion] can he %,rittetn as follows:

D.xNI m 3, \"

x ,+  -l + + 1 .

303M

2 'I

If we delete

12- ,5 xx ' v* an ,
we obtain

31 2 N 32,\1
X3 xv V l(

'(7 " vy -
+

={ . 1



lr ' r t!lc f' IrF t 11i 1 ,.v m 1 , u l '1l- L I- I I I t, obta In

2 . 2 ,

' I ,"q

If , d,I t

0 0. 0 ,Os i

*".1 .',1

X XX

N J~

S it c "e "I" foti rt l i lld f i It h1 t I l:S n i 11 1 , vs .1 - 0 f t h e I . I at i n

2.1] the acspproir i .t ounda r\ cond it i onS a re as fo1 Im,

I \t . x s:, . I irL' :'X '" of .ich l of tlie pa i r

millst hs. pvc I f i kI.

d: t MI ,) 0 f CA f )) 0f t pAIrI

*" *" ( "

005 t he S i ficd.

3) 't InV t wo point 'o f tr c. olrno1s (0, 
l
, , , o

arid ,a , I, one mnP.,il r of the p;ir NIx , ) mijst h c i f i ed

he CI Is'I f I I IX eq at l ll 111 this cas 5e rCeduces to

x . 't Ix N ixx=x '



T he di sI)If la c ilut Ce1jjt 1011S of Mot ioll ald !he >tre

reCSLutltS - oht j nled zIS fo I Io S:

+ hi)

k6. 1) ,( .7 + m7)

'- 2 w
X2"I (j " '4

+N -- +h

- K 51~ ~- + -- TV (2.v



Since C consider the It inl ite plIto s impl I slupported at the edges,

y Z 1 and v a, t e assuimie

i..(t - '

(xyV,t) A e I Sil ,

)v(\"t I = e • c.osi-' t x I,

w(x,vt) = P, t - i "2.31)

where .. is wave frequency, and C is phase velocity. 1pon suh-

stit ion of equation (2.31 into 7.30, , 0e1t a in three homogen-

cous 1 iIear algebraic equations in A, BM aid R, whose determinant

set equal to zero, yields the velocity equ ation;

1 4 ( , 2) - r2 _ =

{ 2 
+ , - ,; I (2.32)

1 2 1 2 3

where 2
2 (n

~-' 0 p2(P h
3K'

1 2 ,\ 120

2(2 ,,.P (-.2 
h p  G2(h

=(... . --- -- O ) , 2.33)
r! 2 2121(

hence

, = I -(q, + 1-2 1)/ , -_l) 4 ls

-" h"'*/ lI

"2 1 2 11IT" I

2 2 _ L- _ ' ,I-

I -v 1 -21 h (2.4)

From equations (2.33) and (2.3.1) we oht a in the three modes of

velocity as follows:



232

2 n)

The most general solution of (2.3v) is therefore

,(xy,t = k .. A e K e sin n

31 i.A t -X)) iS.t + -- e Ck + . e k c s n

(X'y'tI = e k + K 0 C "

k

(2.356

where it is understood that the frequencies must he the samne for

all waves and that Kcan hcome imaginary A plot of phase xclo-

citY vs. frequency is shown in Iigure 2.1.

Note that of the 18 coefficients appearing in equat i on

(2.3SO), on ly 6 are i nd ependent . After SUbst itot ion of equations

(2. 30) in~to (2.30), we find that

R= 1)k A+ ' K= AK i

R+~ v = ""I A+v " k k A i 2 ,
k k k!1 'K AKI ,(2.3b)

where ie
Il k n a l oI :aI

2 _P k = 2 , q0

Ke kC
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In elementary theory, we have

t

W((xy,t) = k Rk Re - L .
k=2 k

32.81

where
C 
2  2

2

(:2 22

Note that we cam also obtain pha:se velocities as h-0 i lie inqtl:h

tion (2.32) of improved theory.



6.2 Wave Motion in Two Liondei ," l Tolri.'p"r It or oe'
of Different Materials

Two semi-infinite plates of different materials are bonded at

x=O, as shown in Figure 2.2. For waves coming from the negative

x direction, let p~, p 1 and w be the incoming waves, yxl' vl
+ + l

and w1 be the reflected waves, and let y , 'y2 and w, he the

transmitted waves, we have

k=l a

- x

3 i12(t -x
+ C l

W '( yXt) e l ] sin y- .3):
k=l

3 i (t + C -

(vx,y,t) = Z k e 1 sin v

'xl ' k=la

3r i22(t + --

- k=1
C Ii(X,.v%") F Bl e Ckl Cos a '

+3 is2 t -

wIx, y,t) R e asin n )

3Sx2X,Y,t) = F N+, e ),2 sin

H2 k- a

+3 ",ITT
(x'y't = B+ k 2  cos _n 0, -X.,:

"y2 k= 1 a "

w,(x,v,t) = , Rk2 e k2 il
k- I k2.39.")

-ai



where

Bkj Pkj Akj i B - pk i Ak1 i

R + = % j A + i R -=' AK- i

kj i Ki
C

i ni k 1,

ki1C)~ k k1,2 ,Pkjj S.-
kj kj

and where the subscript j 1,2 refers to tO-e respective domain of

the plate (see Figure 2.2). The first subscript k = 1,2,3 refers

to tl'e mode of motion and the second subscript refers to the domain

of the plate.

z

-- X

---- -------- -------- - -- ---P El E1  F2 , E2

X-0

Figure 2.2 - Two Bonded, Semi-Infinite PZates

At the junction, x=O, the following six boundary con-

ditions must be satisfied:

xl(O'y't) q x2(O'y t)

S(O,vt) py (0.y,t)

w (O,V,t) w2{O,y,t)

1
xl (O,v,t) Mx (0,%=t)

M ((1,v.t) M (o,y,t )
xyl v

OxlI (O'y't) Qx2(l),y,t) (2.,40)



where

x X
KxI = + 'x I v1

+ +l
1 1 1

Q = 2'v2

/

1 > ,- j = 1,_"

J , X.Q..= "2;ih .' , .1 = 1,2

11pon sub)St itutio ot f ut ions 2. i (2.39 into (2. , We obtain a set

of simultaneous, linear, algebraic, equations (in matrix form):

1 -1 ] A11  -A+l I

Pk [k2 A21 klkl

k (Ik2 I A 3 1 Iqlk Ak l I

+ A+
f'kl -'T k2 A kI k I



ihe'e , for example

1) I j I I I 

aid

yki + I kj k=.1=, 2, , 2

I. = . k=1,2,3 j=1,

ki a + .( - X,1.7

Kt

g i ,k k= ' ,2,3 J= 1,2

+ + +

Once A+ , A* 1 A, an id 2 of the i ncomi ng waves and the

material properties are knowrn, the quarntities All, A21, A 31, A 12
+ +

A 2 2 and A +3 are ohtained by the application of Cramer's Rule. When
+ +

(:1 1 , (:2 1 or (: 3 1 are imaginary, A1  , A2 or A 3 1 must he equal to

:ero, respect ivelly, to insure a hounded solut ion for x -- ,

The energy flux of the incoming wave, reflected wave,

and transmitted wave is defined by e(Itrion 12.21 , except that

only real parts of (2. 39) are used:

S - [ cI+l T (ReM I RlTl" \l)+IR + Qx R x1

f Y2

- f Ri 01XR1'M (il +t 1)+10\1 I (14%, v
1 I' i 

1 1 xI. (liew l x d,
'I - x'l 1 + 't l• "

(11CM 2 ) (Ro1 ,)+(Rc'N1xI.. ' )4'c 
1 1
CQ' x Rl( I) dv\

Y 2
2.12)t



transmission and reflect ion coefficients are t herefore

obtained in the fol lowing manner:

I2 (o, t

1J ((), t
R (2.43)

.1I (0,t)

where the bar denotes the t inc average over a complete period.

From the point of view of conservation of energy, thle

sum of thle transmission and reflection coefficients must be oolial

to one, i .e. , T R = 1 . Calculated values of transmission co-

efficients vs. dimensionless frequency

are plotted in Figures 2.3 through 2.6.

In elementary theory, thle displacement equations become

+ 2 i( c'-) n~i
w1 (x,x'.t) = e R+ C kIsin T Y

k= 1i

iQ~t+ ~ ~ } < x<

"(x,y,t) = R C CkI sin NL

+ 2 + iwt X) IT(

w2 (x,y',t) = Z R k 2sin -~ N 1x=
k-i H2 a

where

(2 __2_ )2

'l V F -(no)? 2*1 - n

At thle junction, x ( 0, thle boundar condit ions



(O vt I 2(o,~~

kl

y iel d the fo I Ilohi rg s i mi I t ancou,, I ine, I gehr'a ic equat i onl

CI I -., I-c 1 : ~ CR.,

02 1 -M, 1 - I

yI I T2 1 -1 1 2 (CIT - j I- __ L

(2. 10)

,here A2 1 I beCaISe C2 1 i Z 1 1W11\S iii llki M I-, -11d

the energy flux of the incoin g wave, refl ect ed vavc,

and t-ansm, tted wave iS Idefinedk h\r 0''lt iOn (2.27) except that on Iv

recal parts oif (2. .1) are 1ied:

.J -- Y (Re IJ+ e - + XP \ + o 1" ] a

.J =+[ [ J J IRe R'). ie (T~l Ql)IL~) d\

f [i xi '. x ~ )) ,~ ( vi x I. ) I \k

Y2 )w(x. + +



I'he t ransmsl s ion alid ref I ec t ion coefti c ielts a re

S(0, t
T -

J (lt

+ t
R £ ......-

I

Numer i a I vales ot tl h t lannliss i iol coett'i ci ents for t ie emelmnt arir

t heory are shown i n 1: i gires 2.3 t h rouh 2.( for compIa r i son lt rpoes.
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Ih l dis p lI cein t equat i oins ill t hi S :I' ii v

+ v; .t - I

(x\ ' I \ ('t

ki "11 o

+ 3 + i-(t - -

1*1 t ('k I

k~ I

(t +

k- It 
.

'vt C t B

+k + i (

(41 x~y.t) R) 2 i 1

lN

:4 ft + -

X- V

RI -1



++ n( 7
y.XV~)= :Aki sin-av

k=l k

3 - x-Z
+ nTo

y~~~ .(vt)= 1 e Cos -v
y3k=1 k3 a

3 is2(t -

w 3 (x,y,t) Z R+ 0 C sin-VT
k=l 'k (2.48)

The relations among the 4S coefficients in equations (2.48) are

defined in a manner similar to those of equation (2.39). Note

that C k3 = C kl' Pk = pkl' q k3 = 
1kl', r k3 =rkl. f k = f kiand

gk3 =glas k =1,2,3, for this special case.I
At the junction points x = 0, and x Z 1, the following

boundary conditions must he satisfied:

w(0,y,t) = W(0,)y,t)

M1 (0,y't) 2 (0,Y,t)

M X1(0,y,t) = M ,)(0,y,t)

Q XV1(O,Y,t) = Q~v,(O,v,t)

p(9.,Y,t) = Q ~(9.,y~t)

wx2 (R,y,t) = w)3 (Z,",t)

M2 (X,Y,t) = MP3 (Z,v,t)

W2 (9. y t) w M Z"t

Q (Z,9 t M,v, )

QX(,~) Qx 3 (Q9.,t) (2.J9)

where



'l 'yI + yl
+

wx w~x + Vl

+xvl = y + vLPX

]v '+ I.,y2

X3 = x3

+y 3  =Oy3

W 3 
= V3

M= . ( - -- j = 1 '2,3

xj 3 x x 3

j ) J i , 2,3

Qx K 2(, = 1,2,3

Upon substitution of equations (2.48) into (2.49), we obtain a

set of simultaneous, linear, algebraic equations

S" {I ' Ii * FI I I
'*,(2.5oJ)



there toy j I S

Ik 1

''kNi
c ki J ; k.1 k -. 1

9k K= 1- 2 3 i U _

a Li ii

Ik -- -- - - -.

I

I n*

fi tN + 
tIi L' i a=I ,2,3

.kN = tlk . I I . k=1,2,3

+ + + - - - +

The qitalt iti' t ,s\n , ', '\1, .' , A\': A32 , A .. ,A3 .,, 1 :1 ,
-4 +

A2 ,. and A\3  ;tre'hota i ned by tie :tippl i atiot ot" (Atmer 's rulhe.

'The t rattsmission titd ref lectin entticiS ('lt itt thi s,' c

are detfined aIs

-? - - - - -..

.11 ((ii t I

-'V-



In c l eentairy theorx', the~ di spla~cemenIt etilation O in

this case, are

+2 i 2lt i

w x,y,t) ~ 2Rk 0k sil !-.

w (x,y,t) T R , o (k2 silln7 N,'

2 +a

2K iS~t

+ ~ k a ,

w3 (XIY~t) R I3 (43

where

-22

1 12,3

hecorresponding houndarv cond it ions are

W, ui t I W2 (), t)

N1 ((, V t jM ,Svt

Ql '- l +' i 3

X+ x~- 2 +~vj__(.3



W2 (,, t): W3 (Zly,t)

3W2 (Z I, t) W3 (Z ,t)

M ( . ,v,t) M x ,v,t

Qx2+ + Y[1

and we obtain the following simultaneous, linear, algebraic

cLLoat ions:

0- R[ R111 1 o- -  1 1 I 1 1 R ,

k R2 I CI

[ -kl I npk2 ] mok2 I [ 0 P Ru

n nkl Imnk2 I -MoT)k2 1 0 R2 ri, Ri
S+

k  k

o Ski I- --, 1 0- I R22 0

1: - k G CI k--k
k2 k k2 k 1k3

0 ni k2Sk- lmTkk I 1 - Rk13 0

[0 ! n nk2Skl [ +,~1[n3  2[-mn k2- k ]  [-k3 1

(2.3,1)

Numerical values of transmission coefficients resulting from the

elementary theory are also shown in Figures 2.8 and 2.9 for

comparison purposes.
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7. CONCIIS IONS AND )ISCUSSION OF REISULTS (PART I I)

7. 1 of'ow~a ats a J.ujk

[n tile case of elementary plate theory there will he a travel ing

wave as well as an attenuated standing wave. In response to han[:iomT

excitation, there will he a single travelinig sinusoid if

where 1IC is the cut-off frequency. For the case 0< - fC there

are no traveling waves and both "waves" wi1 !,e standing and

at t enua t ed.

A study of improved p1ate theory indicates the existence

of three different cut-off frequencies 0- "I 
C  

, where
1lC ~3C 2tC

lt'U ~satisfy the functions

TUT

fk( kC
)  = , 1,2,3)

which we can obta ini from equat ion (2. 31) . In the frequency

range 0 < 01 there are no travelinl, WVCS, iii WC three

standing, attenuated %,aves. When i .ChCre exists a singCle

trave l ing wave a nd two Standing a1rtemr;it(ed iav es. IFor

We ha'e two travel ig waves an d a si igl Ie ,t alldilld at tenoat ed ;'iaV.

M.enl C 2 the three resulting wave, s are of the traveling 'arit r'

Plots of tile phase velocity for travelirg waves ire shown ill

.i qurc 2. . A dimensionless plot of the three cul-off frequerie ,

vs. plate thickni ess is shown inl Fur gt 2. 10. Hih cut1 -ouff fr -

quelc i es ", i Mid become ri1hourindcd as h -0. However

as h) 0I. 'hese wi I I correspond to r he ca e of class i I P lat e

t her Iy.
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The incoming waves are assumed to he sinusoidal . With reference

to F~i gures .2.3 through 2.0o and to Fgure 2. 10, we note that trans-

mission coefficients T of improved p1 atce theory 11 )pronich those of

el ementary p late theory as the thickness of' the plate approaches

zero. We also note that the two theories are in agreement when

lIn thle highi frequency ranrg e Sh- T for i ilproved t I o rY a pproa chie;

a constant vailre which is lower t hanl thet T for ec metiriy t heory.

.0O



In the case of improved theory, the transmission co-

efficients for each of the three modes approach the same constant

value for sufficiently high frequencies, and this value is inde-

pendent of the plate thickness.

An incoming wave is not possible for O< )<"". In the

frequency range Qi <2l<Sl3C both theories predict a single, travel-
IC 3

ing wave, and the transmission coefficients T as calculated for

both theories are in good agreement. Differences for T as calculated

by the two theories becomes appreciable for <; <

7.3 Pa c of Finite L2nzth i , to e .Tcw'- n"jtc T~ar,
CC,,"oscd, of z biJcrent Mtcri,,1

With reference to Figures 2.8 and 2.9, we note that there is good

to fair agreement between the two theories in the low frequency

range Q1 C < Q 3C. In the high frequency range there can be con-

siderable differences between two theories.

'rhe numbers of maxima (and minima) of T per Unit fre-

quency region in improved theory approaches a constant value as

the frequencies increase, while in elementary theory they decrease

as the frequencies increase. This phenomenon is a consequence of

the difference in dispersion relations of the two theories.
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NOMENCLATURI - PART I

a width of a plate

C k phase velocity

II flexural rigidity of plate (D=FIh'/I2(1-v 2 )

E: Young' s Modulus

e exponential function



e C componelnt S Of straill tvliso-xy

modulus of elaisticity in shear (;=-V/2( I-"))

thickness of a plate

i V --'

,J energy flux of a plate

domain of a plate

k node of motion

9length of a finite plate strip

"NI M l.,i. bending and ttwist ing moments of a plate

,lx ,Nl* ,I* intensities of bending and tt,i sting moment at bonndaryy'. xy ..

m r at io of Yotng 's MIodulus ti = I:

P intensity of applied surface load

QXO~v shearing forces of a plate

Q* 'Q* intensities of shearing force at boundary

R lx]ectio coeffici 't

Sx, S intensities of applied shearing force on Sorface

K i net i c energy

T transmission coefficient

t time

xI,U ,lIl displaceInents in x, and Z direction

% pot ent ia I energy

6W virtual work

w warping disp'l)acemIent of plate med iaIn Sll'r'tAC,

xVZ cartesian coordinates

K2 NIi id I i n' s co rrec t i on factor
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xY 01111)1L~lt s of ;t ress t clnsor

-'rota t iOn a I~ es of I mo oh Ori i ii nIIYrormaI to riod i .1

- Surface

-- ~ tiequency)

--ko tho kth Illo cmit -off froqueoncy



Reprint from

SM Archives

L n N s io Teleae"

Noordhoff International Publishing _. 9,18 0o P> _l iste '

Leyden, The Netherlands IUP : -tov UA, , -

asri



MlNAM iCS 1: lINIi .IALL SIRESSEDl [IIYAiREASi'IC SO1.11)

H erbe rt Re ismanri
itch it o Ii ng i leer i rr and A\pp lied Sciences

S tzate tin iIers itv of New 'fork at Buffalo
Biutfalo, Not, York

Peter law i K
DPep;. rtlllCllt ot i IChiro01)Q ioll;ir. Bus i reSS Studies

1 ate Hn iver it ' vCo II iere alt Btuffalio
Buffal o, Nev% York

iI N I ROBN 4ii1ON

11t irtw prtrrcipa 1 oh ict i res oIf the present report are: 1 to

1or 1: A Iv dte Iop 0)A I i neir t heo ry f or t ho dynam i cs of i n i t i al I V

st ress ed el i St C sol ids,. arnd - to presolnt a var iat ional pr inci -

I)!( e which 1il i serve :is tire framework for thle s;vst emat ic develop-

meiLlt of ipplroX i mate L' H(r i es for the incremental mot ion oif pre-

st ressed rods, heans, platcs shells, etc . Addit iona liv. the

der ivat ions %ill ci eair I show% h1ow thle apparen1-Clt nreChan i cal proper-

t ies of' thle solid arc' ait ered byv the i"e- stress. Fo a c complIi sh1

these oh i ect i yes, the toil owiin a~;ssuimpt ions will be made:

(I 1) V1e solidl is irvperelast ic. i.e.. it iosse

ai naturralI state ill lisir i al il st resse s and st rairis

vanish s rril rs'rs n id its miechanical const itui-

t iort is colrup let e I ciiairict r i zed hY a st r:i in enlergy

dens itv funrct i orrni ,i ci van isires in, tire rnaturalI state.

I 2) Ani art it rairv pre-st ress Causes tire iniit i al de-

Formatiron of tire so]lid fromr its najttural state to tile

SM rrye,2( 2-
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from the dynamical viewpoint with emphasis on the study of non-

conservative external forces. In addition to questions of stabil-

ity, the study of pre-stressed solids has been pursued because of

its applications to the field of crystal physics. The material

characteristiLs of solids subject to initial hydrostatic prcssure

have been used to test various atomic model potentials for crystals,

to study anharmonic crystals, and to study various thermal and

electrical properties of crystals. The field of acoustics has

also come to play an important role in the present subject because

most of the experimental techniques used to study the material

behavior of pre-stressed solids are based on ultrasonic methods.

In view of the importance of the applications mentioned

above, a great deal of literature on the subject has developed.

Here we will cite only those references most directly relevant to

the present treatment. A more extensive list of references may

be found in [1] and also in tile treatise on non-linear field

theories of mechanics by Truesdell and Noll [3]. As pointed out

in [31, Cauchy successfully derived a I incar theory of incremental

motion superimposed on a pre-stressed elastic body. Cauchy's eq-

uations are given by Todhunter and Pearson [41. Saint -Venant I I
attempted to duplicate Cauchy's results using an energy principle.

However, his results were not valid because he did not retain the

quadratic terms in his expansion of the strain energy. More re-

cent derivations of the linear theory for incremental not ion

superimposed on finitely deformed elastic bodies were given by

Toupin and Bernstein 151, Truesdell and Noll 131, Grecn, Rivlin

and Shield 1281, Green and :erna 1291, Knops l I, l:ringen and

Suhubi 11. Of these, the one which is probably closest in spirit

to the present variational approaich is the derivation given by

Knops based on the invariance of the rate of work equatioms uknder

arbitrary rigid body motions. 'he results of 1281 and 1291 are

identical to the ones in Section 2 of the present investigation,

but the) are obtained in an entirely different manner .. App I icat ion,;



* of these results to part icular cases of i n i t ial I IN stressed solids

canl he found in 30 t hrough I S5 I We a Iso ment ionl tihe cont r i -

but ions of Niot which are siummari zed in I 3ol . Inl this latter

treatment of thle init ial Iy stressed so lid, ear i ables are t ai I ored

to thle spec i fic Z-N11wr ftl phys i cs and genmet re of thet pro-

hilems at hiand. In many cases, suich var iaboles aIre not tenlsors.

By sacrificing the requirements of inva r iance, th6is work does not

seem to fit into the main st ream of modern cont inuulm mnechanlics.

2. ANALYSIS AND VARL I lONAI. EORMIII1AH ON

Throughout thle fort hconi ing analyvsis, standard Cartesian tensor

notation will hec used, with all particle coordinates and tensor

comlponent s referred to the same, f i XQd, rectangular Cartesianl

coordinate system. Three di fferent confCigu rat ions of tile hiyper-

elastic, solid body must be ci st ingUi shed:

(I ) In its natural state, thle hody occupies thle

region V h)ounded by thle surface S and the co-

ordinates of a typical material p:11t icl ' :ire

denoted he' a.. The stress, strain, :ind stra in

energy dens ity all. vanish i denlt i callV throughout V.

(2) In its initial (stat ic ejui I ibriio) state, the

body occupies thle reg ion V 0hounded hY thesiric

S and the coordinates of 11 are denot ed he xo. I lie
0

Cauchv stress tensor, ALagralg ianl st rain tensor, anld

st ra in energy deiis i tv% are denoted , respecti eel Y, hY
0 0~

I.,and W*.

(3) In thle current for final ) staIte, tile hOdY occiipics

the region V1  hounded by the surface Si: aInd tilie co-

ordinat es of P are denot ed he\ X. The Caooc liv st ress

tensor, Lagrang iaii st r.,mi t enrio, and st ra in enlerg

dens ity are denoted , eSpe(Ct i VCI V , hV T.,I , and W*

Thle in it ialI deformation earr'ic-s the mater ia:l part icl1ec P froim its
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j3 ax a°  2.° ?' °' x
0 0 0 0 0 0

ax kx Qx 3xo DX Dx
,o1 +TO p A0 ) q r s

F 0 1J ~a ~a. +l_2 ijku. 5. D.D D qrW1 I 3a a K a pq .rs

If* + J (.r I- + 10
0 0 11 z

where

is thle -SviimetriL'
SPiola-Kirchotf (2.1 aI

pre-stress tensor,

T'? 13X\
0 Dx? T is thle Cauchv KlI - j TO(2. l1lb

ij 0a 3;1 kz pre-stress tensor,

A =o A Ao -2.1c0

i ik9 k " D .i i = i k

0 0 0 0S =-1 Dx i Dx Dx j x 0
= j -k

iikl o 3a I '1a a pqrs (2.11d
q r s

and

1 = det J .2.1Ie
0 1

Next, the strain-displacement relat ion (2.9c( is sub- t ituted into

(2. 10) and the assumpt ion of sma II i nc remental deformat i ois and

rotat ions is imposed to obtain , after neglect ing tii rd and fourth

order products of the derivat ives u. .

W* i o 1 1 itW* W+J .e.. + 1 Lu iUk e ( 2.12]
0 0 i lI j ' 0 ii k k, iki ii iJieK

where

1- (u 4 . i
)( . 2.13)eij i ( i'j + I

In view of this result, the total strain energy of the hodY is

given by

. "1



UF = W dV U* + f . ..dV + U 2.1.1a
a 0

whlere
whore= f W\'dVo 2. 1-1

2.11)o 0 a

is the strain energy associated with the initial deformation, mnd

1f ( (T k 1 'ki + B I d%' ( 2. 1I
0

is the incren,,,ital st ra in energy. Io ohtain these results w e made

use of tile relation dVo =j dV to transform the volume inuteg4rals from

tile natural to the initial configuration.

(ns i stent i th our quadrat i c approx imat ion for IV* % we

can also write

J o 0 i"i k o k K': '

0 ,<\ \X

T
o  

+Ao r -s

i " k9' <i:l K rs

la. Da .
= I I 1) 0 

°  
i

o+ 110 1o xo 0x0 pq pqirs rs
P qI

Therefore,

:)x : ')x I,I I

-1 * F 2 15( . q .1

i-r.1.. .l1rs i'

In view of x 2.1 I 6 + i. Miln d t1111S for Sill;il i l t -l t all N Iip Ill I~

deformat ions and rot at ions,

- I i ,1 . . .. I , ... . . .I j q 'I
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We shall no0w proc eed to der ive tile linlear equtionIS Of

incremental motion for the init jal l stressed solid usinlg

Hlamiliton's Prineiple .As shown in 171,IHamilIton' s PrincWip~le for a

hypere laIst iC solid takes the form

t

Islevc 1I 1'1: - [Il: i s the Lao rang" ianl tunet ion Correspond ing t o

thle curet tt Of thle boxSivlil lrl v' Id lIII are thle total

kiaCt iC 111eg ad total strain energy associated with the current

statec of the 1'olv . Ihle var i at ionl ' .1 =~ 6TF - §li resuti1ts from

a I %losja sn:ail vaIriat ions Of thle i ncremiental1 di splacement vector.

1*1ese var jat ionls 6u Sn 1.are a it i rar thrIough~jout 0 1Consist ent iswit h

thle [,ownda rv cond it ions onl S andIL van iS shIt thle ilStints 5Ot t lie

aInd t I fie quanit i t v SW1. is thle wsork doneC by thle ext e MaIl fore es

as A result Of the variation 6n . (11hese toreeOs need IlOt ho conI-

c ervat ivxe' . InI view Of (2.1I1),

SU 1: 611 + StI I221

wshere

sO tS1 0 dV
o i

qT 61 d,; + dV (2. 22a
I o0 i I o

0 0

and

Ml1= 1) 0 11K (*I .d\V

ih k~ i ji
0



where'
DPo

j 1 0. + 1i DO 12. 2a
ijkQ ik i k. " i J

C 0 -0 0S

jik i,'"ik + i~ i k2

In the derivation of the second equation in 2. 22a and (2.22h) %,c

made use of Gauss' Theorem to transform from volume to surface in -

tegrals and we also imposed the eq, ui ibrium conditions on the initial
con figrakti Oil i .C. ,

o fo
.. in V (2.2a)

11 0.0 i
'1 .1) = *l. on S .2b

i 0

With the aid of (2. 19a, (2.231, and (2.2, he variat ion 561 can

ailso be expressed iii terms of the incremental stress as follows:

611 (T 110 -T0 t 10 + .0C),u d,511 -- f ( in - I. Ii . + }eI uidS° -

0 J -. ik I ,kn  10

-f ( -[ T 0 k - f0e)Su.dV
V 1j-i ik . . ,k oi 1 0

0

where ee kk=Uk,k.

Tie total kinet ic energy of the body is

T u iid\. 1 f ' odV

2 V~ V0

and, therefore,

TF = f uin~io dV °  6"I . I2.2u)
f 1ii t* 0 A'0 6

o
0

Since 6u. - 0 at t = tI and t = 2

t 2  t 2

f 6ldt = - f f u 6uiPod\'o(t 2.27
t t I 0
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The use of {2.2-2b), (2.27, and (2. 35) in 2 S.37 yields the dis-

placement equat ions of motion and issociated botundary condit ions

0(iKkUk, .i p+ 0tfi .= U i i (2.Ssa

it = F.)X,t) on S 2.381)

)0 0

Do knn = . oil S 2. 38ciK "k , *iJ

Similarly, the substitut ion of 2 .5), 2.2. and 15) lds

tie st ress equat ions of not ion

.. + f-ef. = II. in V 12.)a

Ij , J ik k 0 1 1 01 o

u= F. )x~t) ti S 12.;,9b1
LI x1toi

(o 0 0 0 0n n [eoriS . )2.39c1
ii i ik 'i,kn e I o2

:. Z,"prv~ceding equations Ise assume that S is the union of" the0

i it sets S and S . Note that in the case of a Constant
0 1 o

;r,.- ;t ress, the stress eqnat ion of mot i .. becomes

t. = 11. 12. 39d1 i 1

.' I l the amc as ill the case of rero pr'e-stress.

,.I (ulldare cond it ion (2. 39c ) does not s imp I i f an\y

r . third form of these e.(luat ions may be obtained by sub-

, * ." ,:i lit o (2.381. This Yields,

k),0 fi-fk~i~.) = Vin V

uii -, ;k , k i, k + 1k " 1i. ,k "o I

(2. lla I

I" ,t oi So
(2.40b)



o 0 0.UI

B L1 1) i - on S
ijk k, i k i,k 0n jo.4 ,

For many technical appl ications it can be assumed

that

0 0 -0 .- B0+ Z, , - . , , I .e l

i i k - j ik ii k; i ik;

and, with reference to (2.18d),we then have C0 B As a
00 O

Consequence , using 2. Sc , B. i. and in this case equa-

tions (2.40) reduce to

0

i i i + (I i j k i + oi oii i

Ui = Fi (x,t) on S

(1 .+ik ) = '+" on S
UJ ik l,k JU 1 0?

where we have utilized (2.24).

These equations have the same form as (1.34) and (1.,35),

page -16 of 121. In the case of a homogeneous body subijected to a

constant pre-stress, (2.-40) becomes

0 0 .

B U + ik k n f. r i~. . (2.41)
i.i kQ k,j)Q ik ijk o 0 1

This form is ident ical to equation (iiiI, page 84 of (41 and is

attributed to Cauchy (1829). The sy stem of eqOuations and boundary

conditions (2.38) also appear in: I1 (p. 180, (23.17), (23.18),
(23.191). 131 (p. 2.17, (0 8.9)) ; and 161] (1) .. 5 , (1 2 Sl , a s

see p. 254, (4.2.34) compared to our (2.401). The present deri-

vation differs from these others in that it is ba'ed on a varia-

tional principle (2,37) which, with suitable restrictions on the

class of allowable displacements, can be used to derive special

approximate theories for pre-stressed rods, beams, plates, and

shel Is.
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where 11 is the incremnentalI st raini energyv associated with anx' in-

Cremenlt a 1 detormlat ionl which is compat ihI e with thle hotndarY vColl-

d i t i oils. Knops I I Ia I So obta inls ( 2 . -I 1 hY reqIil i r ing thlat thle

pot enit i a I Onerv lie a weak re I at i ve lni in i mumil aIt thle i n1i t i a I eqol i I i -

hr i urn state. lie refer's to this as I ladalmrd infinitesimal st ahilit,\

sinice (2. II ) necessari ly implies that fladamiard 's ineqiia it

iJ I, i k' 2.13

holds at CI erY point of V 0for all vectors aniid i;i.Knops

furt her shows that for- colservat i\e Oloas, 2.1 is neesain it

n10t slfiiti cilt to goara%'litee iaipoinov st ah i Iity For exaimpIe, inl

lie case whercie the in itil IEqo i Iib ilil stalte sat i Sies dislalkCmenlt

or, Mixed hoiindan, Cond it ions, thle i nequalIit

i J 1 ij k o 1. 1.1 o~
o o

o or a I I sv-mmet r i c t enso rS :111d someC Ip i t i V const anit d is

St~fitiient to0 gniran't C 1 Liaplouinov st :i1hi I i tsy. Itf thle iit i aI st atec

i S ma i iita' i nied solelCIy\ h\' tracWt ionl holuindairy conid i t ionls , t hen in1

addit ion to (2. -to t the restr ict i on

1 ~\ o 2.r

is necessary to prove I.iapoiinov stab i Iit v. Ithe mleasure chosenl inl

these cases is

I f thle cr~iter ion for inf'i n i t es ilm I stabi i t \ 2 . I I

sat is fiedo then one Can eas i I Y show that ( 2 .3 S) possvsst- -it mlost

onec so I tit i on i f thle in1 i t i a I (Ii sp I acemelut and vel oc it I a re spelc i fi ("I



t hrolqjhoilt \o I1! Furzthermnore , tie niatlira I ti'equelieS z Is5 SoC 1-

Jat Od V, i t 1)fl 0 1ree 1harmoni c in IreCI-CIenIt aI 111t i~n 0 t [I f .-0 i ,0 o. fI -

thle form ui jl i \Co. "t are real. lo priove this, 1iuiltiplv )2.38sa)

yI'.\ 11 ilnt e~latL etve V and11 impoj)Se thle ho11iCIICgnonJS hOkIIdarv dat;a

to 0Oht a1 i 11

111 UdV 211 9

tHls, o. In the Case ot St r ic AinequialIity W-0,I referred to

aIs siiI)erStah1 i 1 itv in 11 1, 'l Curt hle I-n COide IL tha 1t nok naZIt 1ia 1

frokeqnen Can 1 vanli sh .

Cuee~ onlt i11i itL'(1e1;1t i on ca hlT e derI'i Xed torI thIe

neII reilient a 1 Mot i on I1V imp11os ing the C conse r-va t ionl ot ene 0rgy hIi in 1

thIe fo I I ol, i ng Co i'm:1

tI' is + fC. ki S (2 SO0I

uslie re

1: 0 o:*t, :C d

aid C* is thle spOc i iC C energy Of thle hIoLly. Silbst it Ut ionI of 2 2. 90

(2. 32) an 11(l2 . 51) in]to0 ~2. 0)Y yiel1d S

0 1\ 0 udso + f jt+t iid\ o 252
s V

o 0 0

I lue ceill I Ii 1)r1 i 11im and hot nchary\ cond i t i ons S or tile i n it i aI I St ate

toget her with ji(. 38c ) iiav he u ISed to redCeIIL thle r'i gut handL Side Of

2.2 t o

CVI 1~. +'..~d .1* R S IodS (253

V o o V i i i i 1 1.1
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Boliiiida r.v 'cnd i t i oliS

ti = , t on s .,.
I til

0:

it' '. . G ; i x t ) on i 4,l~t

21 K:]cr S =s +s 1cn : t ot;l I t ace of the i it i x ;t'o o 1 0 .1

SoIid iI t h init i I confit' "rat itl.

lnitill Condi ioti s:

I i (x,o) = it. , x li ,o) 0 ..
I 1

througqhout V at t=0.
0

It caln he shown that the solution of the prole I m as cha ract i-,i -,,,

1V CqLItions S. I is unique1 2 is sat isf ied se I , .

To obta ill a solut ioll of 53. I , \ve p roc cl iili a aine r

s ini Ir to i I, i . 0. we as sime aN so I lit i ott o .I in t] l tore

,t Sii IX,t it I

the "'quasi -stat ic" part ui(x,t) of the Solition satisf ie

qii;lt ions t3.lIa) through I1 leL with inC'rtia tcrm1s in 3.Ia

delete'd, i.e..

. .=0 ill V fior All t-Oi1 I .I 0 1 0l

(St () 0 n(S) i i,) 0 is)'.• : :• + - i - . i, =1 I i i,.i .l ii k~k i, .i,' .ik , k,, '

I _ I o It- . = ~) * 111~ .o3

I~o G t o 0
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where 6 is the Kronecker delta symbol. Equation (3.3) also

implies that the eigenfunctions U have been suitably normalized.

In view of (3.1d), (3.1e), (3.3c , (3.3d) , (3..c , and

(3.4d) the assumed solution (3.21 satisfies the non-homogeneous

boundary conditions (3.1d) and (3.le). To determine the scalar

funct ions q (t) we now substitute (3.2 into (3.1a) and (3.1b).

If, in addition, we apply (3.3a), (3.3b), (3.4a), and (3.4b), %Ne

obtain

m Pl/ a' mm 1  - ,, i(s 3.ua)(m+aqa 2
o 1i q m o01i . a

m=l

Similarly, if we set t=O in (3.2) and substitute the resulting

equation into (3.1f) we readily obtain

U. (x) q(o) (xx (s ,o)
EmU (in)- m (0 ,i() - u ( o (5.ob1ra=1

U(m) (o) .1 (0) (X) (s))(x)* o) = ui( - L0. (x,o .c

Now we multiply (3.6a), (3.6b), and (3.6c) by. U , and

U~n ) , respectively, and integrate the resulting equations over

the volume V . Upon application of (3.5) we obtain

+ 2 = (t) for t-.( (57a)

q (o)-Q (O) = f Oo U m ) ( x ) ' u
i ( 0 ) ( x d (

m o o00
0

where

Qm(t) = - f (oui (s) Ui (M) dV (8)

0
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where we lhi k used tile ilnte'grIal theoeI''Ill of 1;r'caut./O.t ioilads,

and (3.3d), (.1l), and . a . Consequent I\ tc Call wlrite

* t) - f . I IliV + T . ) dS U. G.ds (3.)litlI t l V i 1 0 s I 0SS S
0 0)

lit' solIit ionl of (3. 7a) is

s~~~~ ~ ~ -ven I)% ( 0 h eu o s3

tll= I q tl ie )Qn mo) eos It111 t o li st1 o t, lll ,o silt So,ill n

t

m Qm t -,m lil nil i.m t f d, S 1l

0

Thiu.S t he t'o 1'li. 1 o0lilt io of" t h lt' 101- htllno it licouIS p r' b Iem potsed 1''

)3. I is given by. S2) , w'here uii. sait Isfies 3S.3),{[~i...m

m~l,2,S. is thle Conllilett' solit lonl Set ot" ). ,..l idilli} ilso
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%ht' re t ite suptersc r ipt a refers I o t e nat rt Ial st a A L iquit iol

I. II v ri ti cs otIr assert ion t hat ol I I L'iil ul p to t t0 ' t h i Id oi'd r
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ilk i
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arid stcond ordt'r clast icit V IiItcASIi 'cd lmtrll t it' ilit lilA I stat t'. iit'

we' ir' adopt illg tlte notat OIlll1 0 tIO T it 1 i3td Iit'rIlst ' i 11 . Stilhst i t i-

t ion o" I-. l A ild (I. -al ilto I If At hils t 'e rClition
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d C I' . kIe I d A I'L'St I'IC ete form Ill oft 1. 201 ha;st'LI oni t lie zis lIllIlht im

tha 1W S A d raJt j C tfizue:t i o0 11of t he I 1 L I i :1n S't ro uIs . ratherl

than11 t lie a~lrang Ii IIt ia uIs. lii term-IIs of, s t ra II i nea r iants

Birchl assiumed ti it

-~ 2.I 21
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fhe suhst itut ion of t1.22) into (4.21) yields, after neglcecting

terms higher than the third order,

j'+ = - '! ' l ! -2 'l l + -4 (\+ 3 :1} 1! [1 2'+'11 - i '. II t

On the other hand, sihst itut ion of I. S) into (4.41 yields tile l

result

4+ +, I I h

Bi rch , has therefore assumed , inst ead of three independent t hi rd

1'(21 co/st ant s h, the v I ties

0J (, .; = . , '.' = b .1.2-U

i11 va Iute V s, %,hin s(bst ituted i nto (.1.20) yield lrich' s results,

+ ) 0V -4* -; K+ 2 02 i (4.2"

The se formulae are very appeal ing since ther contain only the first

order clasticities 0 a and i a and they also predict that the wave

Lm • mw" 1



speeuds inc rease w~it h pres-sure as one iiii ght expect . flowever,

rece'nt I. Sigi anid A\ilcrs'in I I- I , 1i1 shown expeimIienlt :1 IY t hat

foir isoitroiic , poiI ecrv-t al I Iill _,11 n)Spec imcncns the shear waveC

S~Ieed( dCCCIS- le %e I it 1 IC lIe cai ii ireI siiru. liiS resulIt can not he

pIeId ict ed MsiupI rch ' f'IIIA rc li . 2? . lowevur. the pefle ra I

reCs LIt ( I. 2H) ca piedi t eit her-l Aln j11Cres I' fiS r a1 decrea;Se in

i\ aVC spe)ed depenC~d i rlp' i The aJ It te hfte SconTd - orIde C las ; t I C i t I Cs

(h Ii rd -ordLe r u l as t Ic conlS t anlts I a a .!. Il;I Iit e r- paper I14;

1) i rch does adoapt t hie I aI la Ij i an , 1) 1 1i p lit :ind inch I ideI t he sec and

orlder clI ast i c it i cS in11 his tuIdY Of ,Ilb i c creYs t a I S. I Tfit art IIaat ci I

HIau\ aIItlIIOIr St I I I Uise the CaI Il icr_ rsIii I ts

A V, ea t LCe; I Of? 1 it e'it ile -L' i X t sOil thIe deCt er111111i at oan

0ft' the SeCo idc-ocr 0IdLI-Cla;IS t i C it i u s for Cre'S ta :IS. lKe w ish1 t o pa jilt

ouit a ga iii t iat thfe a re a Iso commoltn I . cal lIed thle t ITi rcl-irder

c'Iast i c contstalit s. Rfet elces I lo- 'ol cant aiii suuuinar us cit thle

avai lable data and givye c.xtels iI \c'bi ioporaph i s to the cxi st ing

Ii Z teatIre. I S Sit r-0p i CC I laSt i C L7Oil Stail11t S 5 ) C* l ot lllYrS ta 111i TIe
agg regat es canl lic Colilput cd trIol]iS lip, I C- c rvst a 1 chit a us i lig at crag -

i ng t echi i hn susggestc'clh L oa i It , Ri\Ci-;s , ;IlIdc I Ii I I . AlclIC r5.ll 121

has applIi ed theISe teCCITT) i LaIS tcl coipuitec t Ic ti rst -orderI C l I St i C it i us

cit severalI sulbstances . Ilauuii I toil aiind PaIrrIot t 122 1 , Coiis ills I _'S II
and ltarscli 12 11 , have turt her appl I cl ths ml'c lethuods to ii lctcrmll lc

ithle suciid-Oirder' C Ia;St i C it i uS O l Itpiis i - i siit roll) i C iuuat c'r i a I s. I im. -

eve'r , thle va I tie s coiiuit ed by thleseL ave rag ing t Mcii i qies aI rce

app ri illiat c iii1 t hat t 11ev glo rce t lice comup I ex it ices i fit 'odiicc'c Iv

vo idLS, ilIcIIus i tis, ail gra 1 %ill hiiuiid;IIir S i lich occur ill realI

Ila ter i a Is Ledihe t t Cr I-;n d Na i 1110 11 12.)1 I aVe r'ccn Ol I\ sigC'St ccl a

liew ulveriug i up" t CCliii i litic ha sec oil t lic' c(ijl i I a I ec'icc of thc li chl\eC

t 1i1iIt tr o s' 1 1' igL I CC I- rvst a Is an pa11k I c rvSt a Is c ft tlic' SamePI

ma t cer ia II. Althiouigh Iiiiihi iii ;iii licr-iust ci! ivcolit I iav Otined al

scric's ait, tfivc irldcl'll'lllcllt cx.pc'Lil cents Ii i ch call hic used to tIc'-
a a a a

Ite-Ili ue thic' SiltT-rai iCheI;Sti cit ilc's, , ", I , . ;I, x CerY

I i tt It e eXpel' il huilt: I dat a is Ma:a i IliiIc onl thle vaIlues (it' thli second
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i l t II'L' it ' L s r e dci' \.tic% in , X ' 1 1 . 2 ire JOSit X", ,Au1d ii

ItL'Ol, t 1' OlTC t C.I' I t 1i0l is <I) 51III:I Il t i t Cc Id ,c1 L I 1 1'; 1 ,it hi ii

the I I : it o th" X Il x IiimcIt II crrd ct till' 0Fign I data . iiicr-

t ii t .d t hit I I t Il' d I III, CIIt i 0 '11 1' C' I I i'C d I'I\ It I\ '
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t I. lh'tci i 11 i t it I 't' L'tl ' llC to I , '

p S i cIi Pa SL'' IAI Ie 1.1 1C I C IIIL tIll

i s dllo slre 1P ,or

I I + (1IT + lii I I K I

Si f tiJ)" i ZII'S I'"i 1 1 I lh c lt II . A " 1 c t' linCct tIi'' O 1

i 'L i l ' d t0 C I-C AI IS0 i .lk 111 10 I I -  .l
it P i int,; u p in l ,.'m n.:,i lh. r i -1 'l.., s l t ' .1 tl itl l I b l

is r*Ou i qti '(5. to Calll,.'t, I [. i i e.'isO iii tiet'icwiil > mcRdi]iiS ii'

aiiv o ft t h met J I I i st ed iii 1 ii ' 1 C I I. \ Si lii r I' sii It is SOc I

to mil)Il I X to, mi . of thc otIhl i p r crI' 'I t I L' I i st cd i t 11i s t oh Ic

lhis, in most cnIi ic ICri- I ilV 1 lI e-it ioiis it '110oiild he I),- iII) 1t

i I.110 'C ' Ik ' C i 'C t S 0tt til ' ClJist ic 1: Cti ) it t ot S 1iii ni .. h- d ri1 -

t t A I~ lt< llu lC'C ,:" than II 1 I1 1l' In fzltct , : ickt Illk i i t i :I

hl\dl C 1- 0 11" [ 'tSS l Ct CMIlS C S I t;1 11 CtIb t t I IlI ril I I11 0 1 1: r t I il!,

tile ,'t ct o I" t le., 'c5'iisll I' C iii hc" V I t C' I i zilo1'Cd ii 1 ch

I Cl S I Ile 'S t a 1 I I itv ftt ll it 1it i;II Colltf i Illi'it I l I, l I I, 'lo rl

2. " I.) 2. |t, milnd I. lo . Ior '.aiinp o. sihst itu itt I o ct Il,

into 2'. 1 iIds:
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In th is sect i on wei. conlsider theI i llI'lt AI I rit i Ol (It an1 it I jI IV

st ressed liea, WesaIIasm h t hie Cross- secct itll of thelk beam

lIzas at Ileast Onec planle oit s\imiiet I,.\. wht i ch Ito slia I 1 tAce as thelk

.X- planeC Of ou11 Cart CS ian ax\I is\SIT). %"here-L X IS the( long'itudinl

a\ is o t t Ilie beam1II. I t is asumed thal't the hkcam1 is subi ec ed t o in

inl it i.1 I ax ia Is t res ;'=,' ix I sit h1 a1 1 ot her pie-st rcss tenlsor

Component S vanli sh ilug . i . e.

[he inlc remint aI I dli sp IllCet S are' L'1t )

I= c-, X,tl. it. 0, LIi It.21

anld inl view Of 21, Ii 5. 11 ). %IL and ;Ii

lyonl slliIst iIt lit ionl of (5. 1 i lito 2. 21 1b . ki ii Ill, 1 II' mid .3

he read ~i Iy olt a ill the t i r-st var i it ionl ot theit st iii ill eiie~ig TI ite
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I c i i Iav k- iu l:J I iton' pr ic i 1)l1c for inTc remolnt a 1

:;Iot I oais 2- w e I. .aid iIc .\- t zI i I th IIc s t r cS s okjllit ins at inc ro-

;:lllt a 1 mot ion and thei assoC i ait d a SS ib I e l10nndaru COTnd i t i Olis

Iiait I ui .9 hai ir t c2 r u t hu in1 i t i a I I uz t ru ud Ii mo ieiilka

u0. 7d1 I- . I a a t ai i the ill it a~i 1\ B ruC. Sud I tII c ur- 1, rna 11o

PuOwe i<du1 t % and' let t h ii tlis

Clsuc cquilat i ls 1Prudirc c toI

io 0 0\ 1

'I.

I' t 11c hUaiiiI is Ulih I c to 0 ItS t aIil I a elld i tlc, 1110711Cnt we hla eC M i

M1* (1, and equiat i oils( . 10)1 reod(ce t o

0 A i0 + Ao 4 + i ttI 1 I-141
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TIhe constants I5..1 can be expressed in tes of11 thle malterial

constants of the ust rained, isotrop ic sol id, W ith the a id of'

5. 12), ;iuid after lineaniat ion ith respect to 'o' it can he shown

that
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The Cjusi -StZat i C solut ion sat isf ies the equat i ons

+ 1) 0

S1

- Q + ii I

5 X

(~hc boundary condi t ions assoc iarted with (5. 21 are 1 I isted ill 5. 18

The c i gen runct ionls :1nd c i 1gclit I Ties so t s S te- heit loliloeneloll , ord i no rx.

di fercnt i aI eqat ions a prime denotes the derivat i e with respect

t o .x

SA.I. + W =
- *' + o I I

Q . - :'s, .  + =

Qhsi e fnncti art st i xshooeeshoriarcnitiis

accrde i toc in. 18 ad thee are~illC ar hagn;ti 1f' .it ht ,it .Cl t'Ol i oainr r

1 *II

where is the Kronecker delta.

Upon subnstditution of ( 5.20 into (5. 17, and it : oti ion

of (5.22), ;e o obtain
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